Based on first-principles calculations, we show that stoichiometric TaSe3, synthesized in space group P 21/m, belongs to a three-dimensional (3D) strong topological insulator (TI) phase with Z2 invariants (1;100). The calculated surface spectrum shows clearly a single Dirac cone on surfaces, with helical spin texture at a constant energy contour. To check the stability of the topological phase, strain effects have been systematically investigated, showing that many topological phases survive in a wide range of the strains along both the a-and c-axes, such as strong TI (STI), weak TI (WTI) and Dirac semimetal phases. TaSe3 provides us an ideal platform for experimental study of topological phase transitions. More interestingly, since superconductivity in TaSe3 has been reported for a long time, the co-existence of topological phases and superconducting phase suggests that TaSe3 is a realistic system to study the interplay between topological and superconducting phases in the future.
I. INTRODUCTION
The layered transition-metal trichalcogenides MX 3 (M=Nb, Ta; X=S, Se) have attracted lots of interest because of the appearance of the charge-density-wave (CDW) states at low temperature (LT) [1] [2] [3] [4] . For instance, both TaS 3 3 and NbSe 3 5 are metals at room temperature (RT), and undergo two different CDW transitions as decreasing temperature. But TaSe 3 is an exception, in which no CDW transition has been found yet 6 . Instead, TaSe 3 remains semimetallic from RT to LT and becomes superconducting at T c = 2.3 K 7-9 . The earlier theoretical studies 10 suggest that it could be either a semiconductor or a semimetal, depending on the relative energy level of an anti-bonding Se p band to that of the Ta d z 2 band. So far, first-principles calculations of TaSe 3 have not been reported yet, and the electronic structures, Fermi surfaces and topological properties are still unrevealed.
Meanwhile, topological superconductors have attracted much interest due to the emergence of Majorana fermions 11, 12 and the potential application in quantum computation 13 . The previous work by Fu et al.
14 has proposed that the topological superconductivity can be realized on the interface between a TI and a BCS superconductor by proximity effect [15] [16] [17] [18] [19] . Very recently, topological superconductivity has been observed on the surface of iron-based superconductors below T c 20 , which suggests that a more promising approach to engineer TSCs is to propose superconducting materials with nontrivial topology in their electronic structures 16 . Herein, this approach would avoid the structural compatibility and overcome the fabrication challenges related to the interfaces or heterostructures [16] [17] [18] [19] [21] [22] [23] . However, most superconductors do not have non-trivial bulk topology in electronic structures 15, 24 , and some topological candidates do need doping to induce superconductivity, like Cu x Bi 2 Se 3 25,26 , FeTe x Se 1−x 16,20 , etc. Therefore, it is challenging to find a superconductor with non-trivial electronic topology.
In this work, based on first-principles calculations, we show that the single crystal TaSe 3 , known as a superconductor for many years [7] [8] [9] , has non-trivial electronic structure. The crucial band inversion happens at B point even without spin-orbit coupling (SOC). This is different from the situation in Bi 2 Se 3 27,28 , in which the band inversion is due to the strong SOC effect. Our detailed analysis indicates that the band inversion is attributed to the "broken" type II chains, especially the Se3-Ta1 and Se6-Ta2 bonds. To shorten these bonds by compressive strains would enlarge the band gap and remove the band inversion. Inclusion of SOC in TaSe 3 opens a continuous direct gap in the entire Brillouin zone (BZ), but doesn't change the energy ordering of the bands at the timereversal invariant momentum (TRIM) points. The Z 2 invariants (ν 0 ;ν 1 ,ν 2 ,ν 3 ) 29, 30 are calculated to be (1;100). The strong topological index ν 0 = 1 guarantees the existence of the Dirac-cone states on surfaces 31 , which has been further confirmed by our surface calculations. To check the stability of the topological phase, strain effects have been systematically investigated, showing that many topological phases survive in a wide range of the strains along both the a-and c-axes, such as STI, WTI and Dirac semimetal phases. It's an ideal platform for experimental study of topological phase transitions. As it becomes superconducting below T c , TaSe 3 also provides us a realistic system to investigate the interplay between the topological surface states and superconductivity. 
II. CALCULATION METHOD
The first-principles calculations were performed within the framework of full-potential linearizedaugmented plane-wave (FP-LAPW) method implemented in WIEN2K simulation package 32 . Modified Becke-Johnson exchange potential together with local density approximation for the correlation potential was used to obtain accurate band structures 33 . SOC was included as a second variational step self-consistently. The radii of the muffin-tin sphere (RMT) were 2.5 Bohr for Ta and 2.38 Bohr for Se, respectively. The k-points sampling grid of the BZ in the self-consistent process was 7 × 19 × 6. The truncation of the modulus of the reciprocal lattice vector K max , which was used for the expansion of the wave functions in the interstitial region, was set to R M T × K max = 7. The geometry optimization including SOC interaction was carried out within the framework of the projector augmented wave (PAW) pseudopotential method implemented in Vienna ab initio simulation package (VASP) 34, 35 . The ionic positions were relaxed until force on each ion was less than 0.005 eVÅ −1 .
PHONOPY was employed to calculate the phonon dispersion through the DFPT method 36 .
III. RESULTS
TaSe 3 crystallizes in the monoclinic layered structure with space group P 2 1 /m. The basic building blocks of TaSe 3 are parallel trigonal-prismatic chains along the baxis, as shown in Fig. 1(a) . Each chain is made by a linear stacking of irregular prismatic cages, which consists of six Next, we discuss the qualitative electronic structure of TaSe 3 by way of a simple Zintl-Klemm concept 37 . In the type I chain of TaSe 3 , where the distance between two Se atoms is short enough (i.e., d states. The middle pattern is the intermediate structure generated by a shift in the a-direction (the black dashed line), which breaks the previous bonds of Se3 atoms, denoted by the symbol "x". The lower pattern is a layer of the TaSe3 structure. The distortion happens in the chains in the box, changing the type I chains to the type II chains. The new bonds between Se6 and Ta2 are built. (b) Schematic diagram of the band evolution in TaSe3, starting from the atomic orbitals d z 2 of Ta1 and Ta2, and pz of Se3, Se5 and Se6.
semiconductor. However, TaSe 3 is metallic according to the transport measurements 39, 40 , which implies band inversion may occur in the electronic band structure. In order to fully understand the semimetallic propertes of TaSe 3 , the first-principles calculations have been performed systematically.
When SOC is ignored, the calculated band structure along high symmetric lines in the BZ is shown in Fig.  2(a) . There is always a direct gap between the conduction bands and valence bands, except two crossing points on the AB and DE lines. To elucidate the mechanism of the band inversion, we have calculated the projected weights on six nonequivalent Se atoms (i.e., Se1, Se2, · · · , and Se6, as shown in Fig. 1(b) ) and two nonequivalent Ta atoms (i.e., Ta1 and Ta2, as shown in Fig. 1(b) ), respectively. In the fatted-band plot of Fig. 2(a) , we denote the weights of Se3 p z orbital (ẑ|| b) and Ta1 d z 2 orbital by the size of the red and blue circles, respectively. We can clearly see that the p z band and the d z 2 band have an overlap at the Fermi level (E F ). Further calculated results indicate that the up-going d z 2 band mainly comes from the d z 2 states of both Ta1 and Ta2, consistent with the ligand crystal splitting of five d orbitals in a prismatic cage. However, the down-going p z band is mostly from the p z orbitals of Se3 and Se6 atoms (both of them belong to the "broken" type II chains). To some extent, it suggests that the metallic band structure has to do with the type II chains. These similar results are also obtained by our calculated partial density of states (PDOS) in Fig. 2(c) , which show that the Se p states and Ta d states are mainly located below and above the E F , respectively, with the hybridization between them. Near E F , the states are dominated by p z states of Se3 and Se6 atoms and d z 2 states of Ta1 and Ta2 atoms.
To fully understand the metallic electronic band structure, we first investigate the crystal structure evolution beginning with the layered structure of ZrSe 3 . In ZrSe 3 type I chains are arranged, as shown in Fig. 3(a) , as a perfectly layered structure. It can be changed to the crystal structure of TaSe 3 by the following two steps. First, a shift may occur along the a-direction for every four prismatic chains (MX 3 ) 4 , as shown in Fig. 3(a) . As such, the bonds between selenium and tantalum atoms crossing the black dashed line are broken, as depicted by the symbol "x" in Fig. 3(a) . Second, the distortion can happen in the prisms of the box by breaking the shortest p-p bonds between Se atoms. In addition, the new bonds between Ta2 and Se6 are built. Together, one can find that the crystal environment of Se3 and Se6 atoms of type II chains can change dramatically.
The band inversion can be understood from the bonds (green dashed lines) of Se5-Ta1-Se3 and Se5-Ta2-Se6, which support the layered structure of TaSe 3 (see Fig. 1(b) and Fig. 3(a) ). In the atomic limit, the energy levels of the Ta d orbitals are higher than Se p orbitals. Under the crystal field of the prismatic cage, the d z 2 orbitals are lower than other d orbitals. The p z orbitals of Se atom are higher than other p orbitals, since it doesn't orient toward the Ta atoms. Therefore, only p z orbitals of Se3, Se5 and Se6, and d z 2 orbitals of Ta1 and Ta2 are considered in the schematic diagram of the band inversion, as shown in Fig. 3(b) . Starting from the atomic limit, the energy level of the Ta d z 2 orbitals is higher Fig. 3(b) . In step II, the inversion symmetry is taken into consideration. Each state can split into two hybridized states, one bonding state and one antibonding state, according to the parity. The band inversion in TaSe 3 happens between the bonding state of Ta B and antibonding state of Se A , which is consistent with our fatted band calculations and PDOS. This band inversion mechanism is further confirmed by the phase diagram under strains, as will be shown later. The inclusion of SOC leads to gap opening at the band crossing points, as seen in the band structure of Fig. 2(b) . However, the maximum of the valence bands is still higher than the minimum of the conduction bands, which gives rise to the semimetallic properties of TaSe 3 . The calculated Fermi surfaces consist of a large hole pocket enclosing Γ point and two electron pockets near B point, as shown in Fig. 2(d) . Further parity analysis indicates that the inverted two bands have different parity eigenvalues at B point, while they have the same eigenvalue (i.e., −1) at D point. Note that the band inversion has already happened even without SOC. The band inversion is attributed to the unique structure of the type II chains, especially the Se3-Ta1 and Se6-Ta2 bonds, which is distinct from the SOC-induced band inversion of the well-known Bi 2 Se 3 family.
To classify TIs, one needs to compute four Z 2 topological indices (ν 0 ; ν 1 , ν 2 , ν 3 ), where ν 0 is a strong topological index and (ν 1 , ν 2 , ν 3 ) are three weak topological indices. Since there is a continuous direct SOC gap, the Fu-Kane Z 2 invariants are well defined for the occupied bands below the gap in TaSe 3 . Due to the existence of inversion center in TaSe 3 , they can be easily calculated by Fu-Kane parity criterion 31 at eight TRIM points (Γ i , i = 1, 2, . . . 8) . The strong topological index is given by (−1)
is the product of parity eigenvalues of the bands at Γ i without counting their time reversal partners. Three weak topological indices are defined at the four TRIM points in a plane offset from Γ point. Explicitly, (−1)
The space group of TaSe 3 is non-symmorphic with a screw symmetryC 2b , which is a twofold rotation about the b-axis followed by a half lattice translation in the same direction ( b/2). It satisfies the relationC 2b I = t( b)IC 2y , where I is inversion symmetry and the lattice translation t( b) can be represented by a phase factor in the Bloch basis:
. Thus, at the TRIM points in the k 2 = π/b plane, i.e., A, C, E and Y, with the expression t( b) = −1,C 2b anticommutates with I. In combination of time reversal symmetry, the anticommutating relation leads that all the states are four-fold degenerate, consisting of two parity +1 bands and two parity −1 bands (i.e., "+ + −−"). Considering that the total number of valence bands is 68 = 4 × 17, we get δ(A)=δ(C)=δ(E)=δ(Y )=(−1) 17 =−1. Therefore, the strong topological index ν 0 is determined by band inversion at other four TRIMs (Z, Γ, B and D). Their parity products are calculated to be δ(Z)=δ(Γ)=δ(D)=−1 and δ(B)=1, which are extracted from standard numerical calculations based on first-principles calculations. Therefore, the Z 2 topological invariants of TaSe 3 turn out to be (1;100).
In view of the fact that the hallmark of topological non-trivial property is the existence of topological nontrivial surface states, the tight-binding Hamiltonians of semi-infinite samples are constructed by the maximally localized Wannier functions (MLWFs) for all the Ta d and Se p orbitals, which are generated from the firstprinciples calculations. The surface Green's functions of the semi-infinite sample are obtained using an iterative method 41 . The local DOS (LDOS), extracted from the imaginary part of the surface Green's function, is used to analyze the surface band structures. For STIs, the existence of an odd number of Dirac cones on the surface is ensured by the strong topological index ν 0 =1. On the (010) surface of TaSe 3 , a Dirac cone is obtained atB point in Fig. 4(a) , which hosts helical spin texture at the energy contour (E=E F ) in Fig. 4(c) . On the (101) surface, a Dirac cone is found atX point, as shown in Since it's a layered structure with trigonal-prismatic chains going in the b-direction, the lattice parameters in a-and c-directions are supposed to be more sensitive to temperature or strain than that in the b-direction. Therefore, the strain effects along the a-and c-directions have been systematically investigated in our calculations, in order to check the stability of the STI phase. For each given lattice constant, the internal positions of the atoms are fully relaxed until the force on each atom satisfies the required precision. The computed phase diagram is shown in Fig. 5(a) as a function of lattice parameters a (horizontal axis) and c (vertical axis). On the vertical dashed line in Fig. 5(a) (i. e., the strain in the a-direction is zero), when c grows from 0.95c 0 to 1.05c 0 (with c 0 the lattice parameter without strain), it changes from a normal insulating (NI) phase, to STI phase, and then to WTI phase due to band inversion happening at TRIMs successively. Explicitly, at the beginning (c = 0.95c 0 ), no band inversion is found in Fig. 5(b) and the system is a trivial insulator. When c = 0.97c 0 , two bands of opposite parity become touching at B point, as shown in Fig. 5(c) , resulting in a Dirac semimetal phase at the phase transition point. After the transition point, the system enters STI phase. By increasing c further (e.g. c = 1.05c 0 ), another band inversion occurs at Z point, the system turns to WTI phase, as shown in Fig. 5(d) . As we can see in Fig. 5(a) , both STI (green) and WTI (red) phases survive in a considerable region compared with the NI (blue) phase. The phase boundaries are Dirac semimetals, which may also be observed in experiments. The phase diagram provides us an important roadmap to regulate the topological phase transitions in TaSe 3 . Compared with the reported topological materials, TaSe 3 has two unique features. First, the compressive strain can remove the band inversion, which is different from the common concept that the compressive strain usually enhances the band inversion [42] [43] [44] . The compressive strain shortens the distances of the bonds of Ta1-Se3 and Ta2-Se6, the hybridization becomes stronger and the average gap ∆E is enlarged between Se A p z (Se B p z ) and Ta A d z 2 (Ta B d z 2 ) states. Second, many TIs have an sp-type band inversion or a pp-type band inversion [42] [43] [44] , while TaSe 3 has a pd-type band inversion. Third, most TIs only have band inversion at one TRIM point (such as the Γ point) 28, 45 , while TaSe 3 has band inversion at three TRIM points, which leads to fruitful nontrivial phases under different strains, including 3D STI, 3D WTI and Dirac semimetal.
Next, we would like to discuss the possible CDW in TaSe 3 . It is well-known that no CDW is observed in NbS 2 . However, the phonon dispersion shows imaginary frequencies based on first-principles calculations 46 . In order to exclude the possibility of the "latent" CDW instability and greatly support our predictions of nontrivial topological properties in TaSe 3 , we carefully calculate the phonon dispersion for TaSe 3 , which is shown in Fig. 6(a) . No imaginary frequency is found in the dispersion. The phonon calculations have also been checked with respect to many parameters, such as k-point grid, type of smearing and size of supercell etc. In addition, we also calculate the phonon dispersion of TaSe 3 with c=0.95c 0 (P1), c=0.97c 0 (P2) and c=1.05c 0 (P3), as shown in Fig. 6(b) , 6(c) and 6(d), respectively. No imaginary frequency can be found in any of them. Therefore, it is safe to exclude the effect of CDW in TaSe 3 .
IV. DISCUSSION AND CONCLUSION
To achieve topological superconductivity, it is challenging to find a material with both nontrivial topology of the electronic structure and superconductivity. A prior theoretical proposal of intrinsic non-trivial material is high-T c superconductor FeTe x Se 1−x 16 with x = 0.5 supporting topological surface states at E F . Very recently, the topological superconducting phase has been verified on (001) surface by spin-resolved ARPES experiments 20 . Here we show another promising candidate TaSe 3 , whose superconductivity has been reported for many years [7] [8] [9] , is topologically non-trivial and has spin-momentum locking states on the surface. Compared to the FeTe x Se 1−x system, TaSe 3 does not require doping to introduce superconductivity, implying this superconductor can be grown in high-quality single crystals. At the Fermi level (µ 1 ), as we show in Fig. 4(c) , the surface states are well separated from the bulk states. Based on Fu-Kane's proposal, the superconducting states of the surface states induced by the bulk superconductivity below T c =2.3 K can be topologically nontrivial. However, if the chemical poten-tial lies 40 meV (µ 2 ) below the Fermi level in Fig. 4(a) , the surface states merge into the bulk states, which could kill the topological superconducting state and make the surface topological superconducting state sensitive to the position of the chemical potential. The future experimental work is needed to search for the potential topological superconductivity in the system.
In conclusion, we have calculated the electronic structure, and topological properties of TaSe 3 with P 2 1 /m crystal structure by using density functional theory. The calculated topological invariants are (1;100), which indicate that it belongs to the STI phase. A single Dirac cone is obtained in the calculated surface spectra. Further systematical calculations of strain effects suggest TaSe 3 can realize multiple topological non-trivial phases under strains, including STI, WTI and Dirac semimetal phases. These topological non-trivial phases survive in a wide range of the strain along the a-and c-axes, making TaSe 3 an attractive platform to study the topological phase transitions. In addition, the co-existence of the topological phases and superconductivity of TaSe 3 suggests that it could be a realistic system to study the interplay between topological and superconducting phases in the future.
